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[IK in the sequel stands for Ror C]

1. a) Define an Inne-Product space over |K.
b) Let (X,<-,->) be an inner-product space and U: X — X be a transformation (not assumed to be
linear) that is onto and satisfies < Ux,Uy >=<x,y > forall x,ye X.
i) Prove that U is one-to-one and that if the inverse transformation is denoted by U™, then
-1 -1 -1

show that <U.", U " >=<x,y>and <Ux,y>=<x,U~ > forall xand y.

i) Prove that U is linear.
[Hint : For (i) show Ux = Uy implies x =y by calculating <x—y,Xx—Yy >in terms of U.
For (ii) Use <x,U' >, [3+9]

2. a) Give example of a metric space X which supports a map f: X — Xwhich is an isometry but not
an onto map.

b) When is a metric space (X,d) called topologically complete? Consider the set Q of rationals
equipped with the usual metric d(x,y) 5 x—y]|. Is (Q,d) topologically complete? Give reasons.

c) Let C [0,1] be the set of all (bounded) continuous real valued functions on [0,1]. Define the
following metric on CJ[0,1].

o(f,9)= jol|f —g | dx =The Riemann integral of the function |f —g|on
[0,1],f,g €C][0,]]. Consider the following sequence {f,} in C[0,1]

1 if 0<x<=
f.(x)=1-2" x-Sl iflex<iofl
2 2 2 \2
0 if 1+(1j <x<1
2 \2

Show that {f.} is a Cauchy sequence in the above metric space which does not converge in
(C[0,1],8). [3+4+10]

3. a) Let X be a finite-dimensional real normed space and Y be a real normed linear space. Let
T:X — Y be a linear transformation. Prove that T is bounded linear transformation.
(Hint : You can without loss of generality assume that X is R" for some n>1).
b) Let (X,||-||) be an infinite-dimensional normed linear space. Construct a one to one and onto
linear transformation T : X — Xwhich is unbounded.

c) Let X and Y be normed spaces over the same scalar field. Suppose T: X — Y is a bounded linear
transformation. Let D be a dense subset of B(6,1) ={xeX:||x|<1}. Show that

[| T||=sup{|| Tx||: x € D}. (6 is the null vector of X). [4+4+6]

(1)



a) Use Hahn-Banach theorem to show that if X s{0}is a normed linear space and xi, X, are distinct
point of X, then there exists a bounded linear functional f on X such that f(x,)=f(x,) and
Ifll=1.

b) Suppose {f }., is a sequence of bounded linear maps from a Banch space X into a normed
linear space Y with the condition that r!iﬂlf" (X)exists in Y for each xeX. Write

f(x) =limf (x), x e X. Show that for any totally bounded subset X, of X. {f (X)},_, converges
f(x) uniformly over Xo [You may use uniform boundedness principle] [3+4]

Let H be a Hilbert space over C and B(H) be the space of all bounded linear operators on H into H.
Let TeB(H).Call T

(i) an INVOLUTION if T? =1, the identity operator, (ii) a UNITARY operator if TT*=T*T =1,
If T eB(H)satisfies any two of the following three properties (o) self adjoint (B) unitary (y)
involution, then show that T satisfies the third propety as well. [5]

Write Yes or _No (no justification necessary)

a) A reflexive Banach space is a Hilbert space.

b) A reflexive normed linear space is a Banach space.

c) The Dual space of separable Banach space is separable.

d) There exist countably infinite dimensional Banach spaces.

e) For a self-adjoint operator T on a Hilbert space, < Tx, x > is real for every x in the Hilbert space. [5]

X

(2)



